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The authors prove a maximum modulus estimate for solutions of the stationary Navier-Stokes 
system in bounded domains of polyhedral type. 
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1 Introduction 

O . 

. The present paper is concerned with solutions of the boundary value problem 
r-| I -vAv + (v-V)v + Vp = 0, V • v = in fi, v\aa = 4> (1) 



{y > 0), where Q is a domain of polyhedral type. This means that the boundary <9f2 is the union of 
a finite number of nonintersecting faces (two-dimensional open manifolds of class C 2 ), edges (open arcs 
of class C 2 ), and vertices (the endpoints of the edges). For every edge point or vertex xq, there exist a 
neighborhood U and a diffeomorphism k : U — > R 3 of class C 2 mapping U fl fl onto the intersection of 
the unit ball with a polyhedron. Note that the results of this paper are also valid for domains of the class 
A 2 introduced in [2]. 
/\ ' It is well-known that the solution of the boundary value problem 



- Aw + Vq = 0, V • w = in Q, w\ dn = <p (2) 
for the linear Stokes system in a domain £1 C K 3 with smooth boundary dfl satisfies the estimate 

IMUoo(n) < c II^IUoc(9n) (3) 

with a constant c independent of <j). This inequality was first established without proof by Odquist . 
A proof of this inequality is given e.g. in the book by Ladyzhenskaya. We refer also to the papers of 
Naumann [5] and Maremonti pQ. Using pointwise estimates of Green's matrix, Maz'ya and Plamenevskh 
[2J proved the inequality ((3| for solutions of problem ([2J in domains of polyhedral type. 

For the nonlinear problem ([1]), Solonnikov [7] showed that the solution satisfies the estimate 

IMUoo(n) < c{\\4>\\ LaB ^X)), (4) 

with a certain function c if the boundary dfl is smooth. Maz'ya and Plamenevskh ;2J proved for domains 
of polyhedral type that the solution d of JI} with finite Dirichlet integral is continuous in O if <f> is 
continuous on dQ. However, [2] contains no estimates for the maximum modulus of v. The goal of the 
present paper is to generalize Solonnikov's result to solutions of problem ([I]) in domains of polyhedral 
type and to obtain a more precise estimate. The function c constructed in the present paper has the form 

c(t) = c ie Clt ^, (5) 



where cq and C\ are positive constants independent of v. 



2 Estimates for solutions of the linear Stokes system 

First, we consider problem @. Throughout this paper, we assume that <fi 6 L^dSY) and 

(j)-ndcr = 0. (6) 



i an 

The following two lemmas were proved in [7] for domains with smooth boundaries. We give here other 
proofs which do not require the smoothness of the boundary dSl. In particular for the proof of Lemma 
1, we will employ the estimates of Green's matrix given in [2]. 

Lemma 1 Let SI be a domain of polyhedral type, and let (w, q) be the solution of problem ([2]) satisfying 
the condition J„ q(x) dx = 0. Then there exists a constant c independent of <f> such that the inequalities 
(|3|) and 

3 

supd(z) (^2\d X] w(x)\ + \q(x)\) < c\\(j>\\ Loo{dn) (7) 

3=1 

are satisfied, where d{x) — dist(x, dSl). 

Proof. As mentioned in the introduction, the inequality Q was proved in [3J Cor. 9. 2]. We 
include its proof for readers' convenience. Let G(x,£) = (Gjj -{x, Cl) i j —i denote the Green matrix for 

problem ^j. This means that the vectors Gj — (G\j, Gi,j, G^j) and the function G^j are the uniquely 
determined solutions of the problems 

-A a & i (x,£)+V x Gij( k x,t) = 5(x-Qe j , V x -G j {x,£) = forx^eSl, j = 1,2,3, 
-A x G 4 {x, + V x G 4A (x, £) = 0, V, • G 4 (x, = 5{x - £) - (mes(O))- 1 for x, £ G Si, 
6j[x,£) = G for x G dSl, £ e SI, j = 1,2,3,4, 
satisfying the condition 

/ G 4d (x,£)dx = for £ G SI, j = 1,2,3,4. 
Jn 

Here ej denotes the vector (Sij, S2J, §3,j)- Then the components of the vector function w and q have the 
representation 

w t (x) = / ( ~ E ^on ' ^ Mt) + G iA^ 0(0 • n f ) dcrg, i = 1, 2, 3, 

= / ( - E ^%7^ &(0 + G^{x,Z) m ■ n e ) 

For the proof of ([3]) and (JT)), we employ the estimates of the functions Gij given in [2] (for a more general 
boundary value problem in a cone with edges see also 0). We start with the inequality |7|). Suppose 
that a; lies in a neighborhood W of the vertex x^ 1 ' . We denote by S the set of the vertices and edge points 
of the boundary dSl, by piix) the distance of x from the vertex x^' , by r^{x) the distance from the edge 
Mfc, by r(x) = min^ rfe(a;) the distance from the set of all edge points, and introduce the following subsets 
ofWn(3J2\«S): 



£ 2 = {£ g w n (<3fi\<S) 
£ 3 = {^eWn (<3ft\<S) 

Let K{x,£) be one of the functions 



Pl (0 > 2 Px {x)}, 
< Pi(x)/2}, 

pi(a;)/2 < P i(0 < 2 Pl (x), \x-£\> mm(r(x), r(0)}, 
pi(z)/2 < < 2pi(a;), |x - £| < min(r(z), r(£))}. 



9 5 r» 1 c\ dG lA (x,£) d 



i, j — 1, 2, 3. Then the following estimates are valid for x E U, £ E U fl (dSl\S): 

k £ t/ 1 k£j\ 

|-K"(a;,0| < c|x-^r 3 for^£ 4 , 
where A > 0, fj, k > 1/2, fj, > 1/2. Here J; is the set of all indices k such that E M k . Note that 

rk{x) 

ke.ii 

where c\ and ci are positive constants. We consider the integral 



ci r(x) < pi(a;) IT — — < c 2 r(x) for x E U, 

Pn x ) 



I(x)= I K(x,0mda s 



annu 



for x E U, ip E L oc (dV.) and write this integral as a sum I(x) = I\ + 1 2 + h + h, where Ik is the integral 
of K(x, Ci over the set E k ,k=l,2, 3, 4. Then 



feeJi riV ' • Jrjl keJi 



Analogously, the inequality 

I 2 < cr(x)" 1 Uh^an) 

holds. Suppose without loss of generality that Mi is the nearest edge to x. We denote by E^ the set of 
all £ G £3 such that r(£) < ri(£). Furthermore, let be the integral of K(x,^)' t P{(,) over the set -E3 1 '. 
If £ E E^\ then there exists a positive constant c such that \x — £| > cp\{x). Hence 

4 1] ^cp^r^nixT-'uwL^m) f Mtr- 1 ^. 

J E 3 

Since E^ C {£ : pi(x)/2 < pi(£) < 2pi(x)} and n(a;) < pi(a;), wc obtain 

4 X) < cpi^)-^!^)"- 1 HVlUeoCan) < cnGx)- 1 UVIU^n) ■ 

Let £ G E3\E^ and let x', £' denote the nearest points on the edge Mi to x and £, respectively. Then 
there exists a positive constant c independent of x and £ such that 

\x-i\ > c(r(x)+r{C) + \x' 

Consequently, 

l/s-^l * -W^HIwan, / (r( x) + r(0 + |X^ ^ 

/■oo /■ "-I 

< cr(x)"- 1 IMIwan) ^ / r (r + r(a;) + w » +1 dr = Cr{x)-' Ml^ki) ■ 



Finally using the estimate for K(x,£) in we obtain 
Thus we have shown that 

I(x) < cdixy 1 HV'lUooCan) for xeflDU. 

Now, we consider the integral 

J K(x,t)M)dat (8) 
annv 

for x G f2 flW, where V is a neighborhood of the vertex x^, Z ^ 1. Using the estimate 

i^i^c^-w- 1 n n (Si)" fo -^' ^ 

we obtain 



annv 



The same estimate holds for the integral © in the case when V is a neighborhood of an arbitrary other 
boundary point. This proves {7}. Analogously, ([3|) holds by means of the estimates 

\k M \ < cp l( *)-A- lM o A - i n(?Srii(?i) w " 1 for ^^ 



< cd(x)|x-^|~ 3 for£GE 4 , 
for the functions 2£"(:e,£) = dG iij (x,^)/dn i and = G il4 (a;,£), M = 1,2,3 (see fJJ Th.9.1]). □ 

We denote by W l ' p (£l) the Sobolev space with the norm 

IMIw'.*>(fi) = ( Y] \d*u{x)\ P dx j 
|t»|<i 



i/p 



Here Z is a nonnegative integer and 1 < p < oo. 



Lemma 2 Let (w,q) be a solution of problem ([2]), where Q is a domain of polyhedral type. Then there 
exists a vector function b G W 1,6 (£l) 3 such that w — rot b and 

\\b\\w^ e (n) < c\\cj)\\ Ltyo{dn) (9) 

with a constant c independent of <f>. 

Proof. Let B p be a ball with radius p centered at the origin and such that f2 C B p . Furthermore, 
let (m/ 1 ), s) be a solution of the problem 

-Aw (1) +Vs = 0, V ■ wW = in B p \Ti, w (1) | af2 = 0, w {1) \ 9Bp =0. 

Obviously, the vector function 

. . J for a; G f2, 

U W = \ tu^as) fora;G-B p \0 



satisfies the equality V • u — in the sense of distributions in B p . Due to Lemma [TJ the norms of w 
and u/ 1 ) can be estimated by the norm of cf>. Hence, 

\\u\\ L6{Bp ) < c\\<t>\\ LaB (an) i 



where c is a constant independent of <fi. Suppose that there exists a vector function U <E W 2,6 (B p ) 3 
satisfying the equations 

- AU = u in B p , V • U = on dB p (10) 

and the inequality 

\\U\\w^{B„y < c||u||l 6 (b p )3 . (11) 

Since A(V • U) = V • u = in B p it follows that V • U = in B p . Consequently for the vector function 
b = rot U, we obtain 

rot b = rot rot U — —AC/ + graddiv U — u in B p 

and 

IHIw/i.S(B p )3 < Cl ||C/|| W 2,6 (Bp) 3 < CCi ||u|| i6 ( B() )3 < C 2 11011^(90) • 

It remains to show that problem (flQ|) has a solution {/ subject to (fTTjl . To this end, we consider the 
boundary value problem 



AU = u in B p , ^ + -U r = U g = U v = on ftR,, (12) 
Or r 



where U r ,Ug, U v are the spherical components of the vector function U, i.e. 

sin 9 cos ip sin sin ip cos 
cos 6* cos cos£? sin<^ —sin 6* 
— sin <y9 cos ip 

On the set of all U satisfying the boundary conditions in (fT2|) . we have 

3 

AU ■ U dx = ' 





-/ AU-Udx^y" [ \d x U\ 2 dx - p- 1 [ ^- ■ U dcr 
Jb p p[ Jb, JdB p dr 

= V/ ^Ufdx-p- 1 [ ^ L -Urda = J2f \d X] U\ 2 dx + 2p- 2 [ \U r \ 2 da. 
j =1 JB p JdB p or j=\-> B P ■' dB P 

Since the quadratic form on the right-hand side is coercive, problem (fT2|) is uniquely solvable in W l ' 2 (B p ) 3 . 



By a well-known regularity result for solutions of elliptic boundary value problems, the solution belongs 
3 p ) 3 and satisfies (|XTJ> if u £ L 6 (B p ) 



to W 2 ' 6 (B p ) 3 and satisfies (|TTJ> if u G L 6 (B p ) 3 . From and from the equality 



or r r OU r r sin t) Oip 

it follows that V • U = on (5£? p . The proof of the lemma is complete. □ 

Next, we consider the solution (W, Q) of the problem 

-AW + VQ = f, y-W^Omfl, W\ dn = 0- (13) 

Suppose that x^ , . . . , x^ d ' are the vertices and M\, . . . , M m the edges of fi. As in the proof of LemmaQ] 
we use the notation pj(x) — dist(x, a;^), rk(x) = dist(x, Mk), p(x) = mmj pj(x), and r(x) — minfc (x) . 
Then V^'^(f2) is defined as the weighted Sobolev space with the norm 



c d rn <~ 1 i 

i j2r( X y^i[pf n(7) 5 >>(*)r^ ~ 

«n A — 1 l 1 i 



\a\<l 3=1 k=l 



Here, / is a nonnegative integer, s 6 (1, oo), f3 = (/3i, . . . , (3d) £ M. d , and (5 = (<5i, . . . , 5 m ) £ M m . The 
space V^y s (Q) is the set of all distributions of the form u = uq + V • u (1 \ where uq S ^3+1 

and uW 6 V2'J(ft) 3 . By Theorem [1 Th.6.1] (for a more general boundary value problem see also [1]), 
problem (|13p is uniquely solvable (up to vector functions of the form (0, c), where c is a constant) in 
V^J(n) 3 x ^(fi) for arbitrary / £ Vp)' s (Sl) 3 if 

\0j - 3/2 + 3/s| <e 3 - + l/2 and |4 - 1 + 2/s\ < e' k + 1/2 . 

Here Ej and e' fc are positive numbers depending on f2. In particular, problem (|13|) has a unique (up to 
constant Q) solution (W,Q) £ Vq'q(Q,) 3 x V^q (f2) satisfying the estimate 

\\W\\vMw<o\\f\\vtiw (I 4 ) 

for arbitrary / e Vq"^'"^) 3 if 1 < s < 3 + e with a certain £ > 0. The components of the vector function 
W admit the representation 

3 

Wi( X )= / j2 G ^om)^, (15) 

where £) are the elements of Green's matrix introduced in the proof of Lemma [TJ From (|14l) . we 

obtain the following estimates. 

Lemma 3 Suppose that f = d Xj g, where j £ {1,2,3}. If g £ L s (£l) 3 , s > 3, then 

\\W\\ Laa(a) <c\\g\\ Lm(a) . (16) 

Ifge L 3 (n) 3 , then 

\\W\\ Lsin) <c\\g\\ L3in) (17) 

for arbitrary s, 1 < s < oo. 

Proof. Let g £ L s (fi), s > 3, and let e be a sufficiently small positive number, e < s — 3. Then it 
follows from {TJ} and from the continuity of the imbcddings Vqo 3+s (A) C W 1 ' 3+e (Q) £ Loo(A) that 

||W|| ioo (n) < ci ||W|| W i,3+e(n) < c 2 ||W|| V( i,3+e (n) < c 3 ||s|U 3+e (n) < c 4 HslU s (n) • 

Analogously, we obtain 

\\W\\ Ls( n) < c 5 11^11^1,3(0) < c 6 \\W 1 1^(0) < c 7 llfflk 3 (n) ■ 

The lemma is proved. □ 

3 An estimate of the maximum modulus of the solution to the 
Navier-Stokes system 

Now we prove the main result of this paper introducing some modifications into Solonnikov's scheme. 

Theorem 1 Let (v,q) be a solution of problem ((T|), where is a domain of polyhedral type. Then v 
satisfies the estimate ([4]) with a function c of the form ([5]) . 

Proof. Suppose first that v = 1. Let (w, q) be the solution of problem ([2]), J n q(x) dx = 0. Then 
the vector function (v — w,p — q) satisfies the equations 

-A(v -w) + V(p -q) = -(v ■ V) v, V • (v - w) = 



in Q and the boundary condition v — w = on dfl. Hence by (IT51) . we have w = w + W, where W is the 
vector function with the components 

w *w = - [ T, G v( x >® ■ v ) = - I E^^) v • Mo«(0) 

« = 1,2, 3. Using (TTB|) . we obtain 

3 

lk|| Loo (o) < HHUoo(fi) + H^IUooCn) < IIHU«,(fi) +c «j IU s/a (n) 

< HUoo(n)+cNll(Q) (18) 
for arbitrary s > 6. From (JTTJ) it follows that 

3 

IMk(o) < lklU.(n) + llwik(fi) < IHU.(n) +c 51 IMjIUw 

< ciHlL^nj + callvlli^n). (19) 
Combining ©, lO and HI]), we obtain 

IMU. ( n) < c 3 (MIl^mi) + ll^llL(^) + ll«llt 6 (n)) ■ (20) 

with a certain constant C3 independent of (j). 

The norm of v in Lq (CI) can be estimated in the same way as in [7J. Let S(x) be the regularized 
distance of x from the boundary dCl (see jH Ch.6,§2]), i.e. 6 is an infinitely differentiable function on £1 
satisfying the inequalities 



c\d(x) < S(x) < c 2 d(x), \d x 8(x)\ < c a d(x) 



l-|a| 



with certain positive constants c\, C2, c a . Furthermore, let p and k be positive numbers, and let x t> e an 
infinitely differentiable function such that < \ < L x(t) = for i < 0, and x(i) = 1 for i > 1. We 
define the cut-off function £ on Q by 



C(z) = x( K log- 



This function has the following properties. 

(i) < C(x) < 1, C{x) = for S(x) > p, ((x) = 1 for 5{x) < ep, where e = e" 1 /* 1 . 

(ii) |VC(x)| < c-^-, \d Xz d Xj C(x)\ < c-^- for i,j = 1,2,3. 

a(x) 1 1 c((x)^ 

By Lemma [21 the vector function w admits the representation w = rot b with a vector function 6 G 
W lfi (fl) 3 satisfying ©. We put 

v = V + u, where V = rot(C6) = £w + V£ x b. 

Then u satisfies the equations 

-Au+(v- V)u+{u- V)V = AV - {V -V)V -Vp, V-w = (21) 

in fl and the boundary condition u\sq = 0. Since 

((v • V)it) -udx = 0, 



it follows from (f2"Tj) that 



(22) 



where 



3 3 f du 

22 W Vu iW 2 L2(n) - / ujV ■ —dx = L(u), 
3=1 3=1 Jn 0X3 

L{u) = f (AV-(V-V)V-Vp) -udx = V / (-Wj-Vuj + VjV-p^dx 
Jn ^ ' j=1 Jn \ oxj J 

= - J (w- u AC + 2w ■ (VC • V) u + q u ■ VC) dx-^J V(V( X b)j ■ Vuj dx 



(here (VC x b)j denotes the jth component of the vector VC x b). We estimate the functional L(u). Using 
the inequalities 

|VC| < c— , Id Ad < c— , 
ep ep 

d(x)~ 2 \u(x) | 2 dx < c / |Vu(a;)| 2 (ix 
in Jn 

(the last follows from Hardy's inequality) and ([3]), we obtain 



w ■ u AC dx 



< IklUoc(n) IMAC||l 2 (o) \\d l ii[[i a (n) < c—\\<f>\\ La> ^ ^ ||V^|| L . 

9 3=1 



($2) 



and 



- 3 3 

/ w(V(-V)udx < \\w\\ Loo{n) ||VC|U >( n) 2.H V ^Hi 
Analogously by and ©, 



(O) 



q u ■ VC c?a: 



< 



IMIUoo(fi) H d lu IU 2 (o) I|VC||l 2 (o) < c — ||^|| Loo(9 n) H Vu jlli2(o) , 

P 3=1 



^V(VC x 6), • Vujdx\ < c(||VC[U oo( n ) ||V6|[ £a(n) + H S^} L ^ H Vu ilU»(n) 



- c 72^" I^IUoc(an) ||Vuj|| i2 (n) , 



and 



Vj V • — — dx 

n OX] 



< 



< 



\\Vf u[n) \\d Xj u\\ L2m <2(\ 

IC^IIi 4 (fi) + II x ^||i 4 (o)) ll^ u lk 3 (n 

2 

c \ l + -^i) U\\l 2 {n) \\dx 3 u\\L 2 (n) ■ 



Thus, 



2 

L(u)\ KC^-^UU x (an) + (1+ 123) II^IL^can) ) ll Vw IU 2 (o) , (23) 



.2 

£ 2 p 



where C\ is a constant independent of p and n. Furthermore, 

I ^ I u 3 v '7^ dx = I £ / + vc x &) • |^ 



< 



L«,(n) IMUooC") + IM v CIUoo(f2) ll & IUoo(n)) H d lu J'IUa(n) ll 9 ^«IU 



< C* 2 (p + /s) H^IU^cn) H Vu ilU2(fi) » 

3=1 

where C2 is independent of 0, p, k. The numbers p and k can be chosen such that 

C2(p+n)U\\ LUan) <l/2. 
Then it follows from and (23) that 



J 2 
EH Vu ilU a (") < 2C i(-T2 IMU 



3=1 



By the continuity of the imbedding W 1,2 (il) C Le(^)i the same estimate (with another constant C\) 
holds for the norm of u in Le(fl) 3 . Since |VC| < cK,/(ep), we further have 



ll^lk(Q) ^ IIHU.<n) + live X 6|| ie(n) < c 3 (1 + «/M) |M| ioo(sn) 

(see Lemmas [1] and ^ and consequently 

e 2 p 2 



(24) 



IMkpi) < IMk(n) + IMk(n) < C 4 ((1 
If we put 



ep e 2 p 2 



\\4>\\L oo{ an) + (1 + i) ll^llL(ao))- 



1 



K = p = 



4C; 



2 1 1 911 Loo (an) 



and e = e~ 1/K = e ~ 4C2|l * lll '~< af! ' , 



we obtain 



IMU B(n) < C 5 (II^Hloo(^) e 4C *"wan, + ||0||L(^) e 8C2 "^^<-)) . 



This together with (|20[) implies ^ for = 1. li v 1, then we consider the vector function (1/ 1/ 2 p) 
instead of (v,p). □ 
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